Quantum Repeaters based on Single Trapped Ions 
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We analyze the performance of a quantum repeater protocol based on single trapped ions. At each 
node, single trapped ions embedded into high finesse cavities emit single photons whose polarization 
is entangled with the ion state. A specific detection of two photons at a central station located 
half-way between two nodes heralds the entanglement of two remote ions. Entanglement can be 
extended to long distances by applying successive entanglement swapping operations based on two- 
ion gate operations that have already been demonstrated experimentally with high precision. Our 
calculation shows that the distribution rate of entanglement achievable with such an ion-based 
quantum repeater protocol is higher by orders of magnitude than the rates that are achievable with 
the best known schemes based on atomic ensemble memories and linear optics. The main reason 
is that for trapped ions the entanglement swapping operations are performed deterministically, in 
contrast to success probabilities below 50 percent per swapping with linear optics. The scheme 
requires efficient collection of the emitted photons, which can be achieved with cavities, and efficient 
conversion of their wavelength, which can be done via stimulated parametric down-conversion. We 
also suggest how to realize temporal multiplexing, which offers additional significant speed-ups in 
entanglement distribution, with trapped ions. 

PACS numbers: 03.67.Hk, 03.67.Mn 



I. INTRODUCTION 

The distribution of entanglement over long distances is 
difficult because of unavoidable transmission losses and 
the no-cloning theorem for quantum states. One possi- 
ble solution is the use of quantum repeaters [l| , which are 
based on the heralded creation and storage of entangle- 
ment for elementary links of moderate length, followed 
by entanglement swapping operations that allow one to 
extend the distance of entanglement. 

The most widely known approach to quantum re- 
peaters combines quantum memories based on atomic 
ensembles and entanglement swapping operations using 
linear optics. Building on the initial proposal of Ref. 
there has been a large amount of experimental and 
theoretical [1, Q work towards realizing long-distance 
entanglement distribution in this way. This approach 
is attractive because it uses relatively simple elements. 
However, as quantum technology progresses, it is natu- 
ral to also consider other possible physical systems. For 
example, there have been recent proposals for the realiza- 
tion of quantum repeaters with NV centers in diamond 
and with spins in quantum dots . 

Trapped ions were one of the first systems to be pro- 
posed for quantum computation [To| . Since then, many 
experiments have been realized that demonstrated key 
ingredients for quantum computing, including the real- 
ization of quantum logic gates with increasing precision 
131 Il4| , the creation of multi-qubit entanglement 
ITII. the implementation of the Deutsch- Jozsa al- 
gorithm [18l | , the realization of entanglement purification 
(l9l . [20| . the accomplishment of atomic-qubit quantum 
teleportation [2l|, [l^ , the realization of deterministic en- 
tanglement swapping [23| as well as the demonstration 



of very high-efficiency detections with [2J| and without 
(25| ancilla qubit. In addition, ion-photon entanglement 
has been created [1^ and subsequently used to entangle 
distant ions 

Motivated by this impressive body of work, we here 
analyze in detail the achievable performance of quantum 
repeaters based on trapped ions. We show that the distri- 
bution rates of entanglement offered by repeaters based 
on single ions are significantly superior compared to the 
ones achieved with atomic ensemble based schemes. The 
main reason is that entanglement swapping operations 
can be performed deterministically for trapped ions. In 
contrast, the success probability for entanglement swap- 
ping is bounded by 1/2 for schemes using Bell measure- 
ments based on linear optics [28j . 

The repeater protocol that we envision requires both 
an efficient collection of the emitted photons and an effi- 
cient conversion of their wavelength to the telecom wave- 
length around 1.5 fim where the losses in optical fibers 
are at their minimum. In order to improve the collection 
of photons emitted by a single ion, one can couple this ion 
to a high-finesse cavity. Individual ions have been cou- 
pled to high-finesse cavities experimentally [s^l and 
theoretical proposals [4l| have been realized to make very 
efficient the photon emission probability into the cavity 
mode using realistic cavity parameters, cf. below. The 
frequency conversion might be realized using stimulated 
parametric down-conversion. This is in fact, the inverse 
process of the coherent up-conversion that was demon- 
strated for single photons in Ref. [3l[, cf. below. 

The performance of atomic ensemble based quantum 
repeaters can be greatly enhanced by temporal multiplex- 
ing [32] using multi-mode memories (33j . We will suggest 
how to implement analogous temporal multiplexing for 
trapped ions using ion transport methods that have been 



developed in the context of quantum computing. 

This paper is organized as follows. In the next sec- 
tion, we present the achievable distribution rates for a 
repeater protocol based on single trapped ions and we 
compare them to the ones achievable with atomic en- 
sembles. The third section is devoted to implementation 
issues. In the fourth section we present an approach to 
implement temporal multiplexing. The fifth section con- 
tains our conclusions. 



II. EFFICIENCY OF REPEATERS WITH 
TRAPPED IONS 

Let us recall how two remote ions at locations A and B 
can be entangled via the detection of two photons as pro- 
posed in |35|, |36] . Note that two remote ions can also 
be entangled based on the single-photon detection [svj . 
For a discussion of the advantages and disadvantages of 
schemes based on two-photon detections versus schemes 
based on single-photon detections, see e.g. Refs. (gI, Issj. 
Each ion is described by a lambda system of three states, 
as shown in Fig. [TJ From the excited state |e^) (|e^)) 
the ion located at A (B) can decay into two degenerate 
metastable states, say the states \gy) and \gj^) {\gy) and 
\gf[)) by emitting a photon with a well defined polariza- 
tion, say either vertical corresponding to the mode ay or 
horizontal corresponding to au (by and bn respectively). 
The A and B ions are both excited simultaneously, such 
that the emission of a photon by each ion leads to the 
state 

(1) 

I {\9^Wh + \9^Wv) ® >&L + \9^)bl) |0) 

with |0) the vacuum state. A probabilistic Bell state 
analysis can be performed by combining the two emit- 
ted photons on a polarizing beam spitter (PBS) at a 
central station located half-way between A and B and 
by counting the photon number in each output modes 
d± = -^{qh ztby), d± = -^{bu ^oiy)- Such Bell analy- 
sis projects non-destructively the two ions into an entan- 
gled state. For example, the detection of two photons, 
one in each modes d+ d+, leads to the entangled state 

IV^r > = ^ + \9^9^)) ■ (2) 

In the ideal case, the probability for such an event is 1/8. 
Taking into account the coincidences between d_-d^, d^- 
d- and d--d- combined with the appropriate one-qubit 
operations, the probability to create the state ^ is 1/2. 
This way of creating entanglement was demonstrated ex- 
perimentally in Ref. [27| . Note that the photon collection 
efficiency was quite low in these experiments, which did 
not have cavities around the ions. 

We now calculate the time needed for entanglement 




FIG. 1: (Color online) Setup for entanglement creation based 
on two-photon detection of remote ions (brown dots) embed- 
ded into cavities. Each ion emits a photon, whose polariza- 
tion is entangled with the atomic state, leading to the state 
1*-^) (g) 1*^) of Eq. (1). The two photons, one coming from 
location A, the other one from B are combined on a polar- 
izing beam splitter to be further detected in a polarization 
basis rotated by 45 degrees with respect to the H — V basis. 
The coincident detection of two photons in the corresponding 
modes ci+ and ci+ , for example, projects the two ions into the 
entangled state \iiJ+'^) of Eq. (2). 



creation. Let us denote by p the success probability for 
an ion to emit a photon, which includes the probabil- 
ity to prepare the ion in the excited state, the sponta- 
neous emission of a photon into the cavity mode and 
coupling into the fiber, as well as the frequency conver- 
sion to match the telecom wavelength. The probabil- 
ity to get the expected twofold coincidence is thus given 
by Pa = ^P^ViVd where rjt — e^^°/(^^°"^ is the fiber 
transmission with the attenuation length Latt (we use 
Latt — 22 km, corresponding to losses of 0.2 dB/km, 
which are currently achievable at a wavelength of 1.5 /xm) 
and r]d is the detection efficiency. Entanglement creation 
attempts can be repeated at time intervals given by the 
communication time Lq/c, cf. Ref. [s^ . As a conse- 
quence, the average time required to entangle two ions 
separated by a distance Lq, is given by 

Tlink — — — • (3) 

c Pq 

Here c = 2 x 10^ m/s is the photon velocity in the fiber. 

The entanglement can further be distributed over 
longer distances by using successive entanglement swap- 
ping operations between elementary links. Such swap- 
ping operations require a local Bell state analysis, ap- 
plied e.g. on the two ions located at B to entangle the 
ions located at A and C. Bell states have recently been 
prepared deterministically from the computational basis 
with a very-high fidelity [lj|. Applied on the four Bell 
states, this protocol transforms each of them into a prod- 
uct state in the computational basis. The measurement 
of the individual ion states then leads to the desired Bell 
analysis. The success probability for entanglement swap- 
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FIG. 2: (Color online) Performance of quantum repeaters 
based on single ions versus atomic ensembles. The quantity 
shown is the average time for the distribution of one entan- 
gled pair for the given distance. Curve A: as a reference, the 
time required using direct transmission of photons through 
optical fibers, with losses of 0.2 dB/km, corresponding to the 
best available telecom fibers at a wavelength of 1.5 /xm, and 
a pair generation rate of 10 GHz. Curve B: protocol based on 
atomic ensembles of Ref. 0]. High-fidelity entangled pairs are 
generated locally, and entanglement generation and swapping 
operations are based on two-photon detections. We have as- 
sumed memory and detector efficiencies of 90%. We imposed 
a maximum number of 16 links in the repeater chain (see j6j] 
for details). This approach leads to a repeater protocol that, 
as far as we know, achieves the highest entanglement distri- 
bution rate with atomic ensembles and linear optics. Curve 
C and D: protocol based on single ions with 8 and 16 links 
respectively. We have assumed a success probability for the 
ion to emit a photon of p = 90% requiring high-finesse cavity, 
cf. text. 



ping reduces in this case to the detection efficiency of 
ions, which is essentially equal to one. The time for the 
swapping and detection can reahstically be much shorter 
than the time required for entanglement creation ([3]), cf. 
below, such that the total time for the distribution of an 
entangled pair over the distance 2Lq is given by 



3io^ 
2 c Po 



3£n 



1 



9 ? 2 ■ 

c p^r]fr]^ 



(4) 



The factor 3/2 arises because entanglement has to be 
generated for two links before the entanglement connec- 
tion can be performed. If the average waiting time for 
entanglement generation for one link is T , there will be 
a success for one of the two after T/2 ; then one still 
has to wait a time T on average for the second one, giv- 
ing a total of 3T/2. This simple argument gives exactly 
the correct result in the limit of small Pq [39, 40]. For 
a quantum repeater with n nesting levels, analogous fac- 
tors arise at each level. They are no longer exactly equal 
to 3/2 in the general case because the waiting time distri- 
bution for establishing an individual higher-level link is 
no longer simply exponential, but numerical results show 



FIG. 3: (Color online) Robustness of a repeater based on 
single trapped ions with respect to the success probability for 
an ion to emit a photon p (photon source efficiency) which 
includes the probability to prepare the ion into the cavity 
mode and coupling into the fiber, as well as the frequency 
conversion to match the telecom wavelength. The quantity 
shown is the average time for the distribution of an entangled 
pair over 1000km for a repeater with 16 elementary links (Eq. 
®). 



that this remains a good approximation 0, |4^. (Note 
that the factors certainly all lie between 1 and 2.) The 
average time for the distribution of an entangled pair over 
the distance L = 2"Lo is then approximately given by 
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(5) 



The performance of such a quantum repeater based on 
single ions is shown in Fig. [2l In the same figure we 
also show the performance of the best atomic ensemble 
based protocol known to us Q ■ In this approach, one first 
locally generates high-fidelity entangled pairs of atomic 
excitations that are stored in nearby ensembles. Then 
long-distance entanglement is generated and swapped via 
two-photon detections. As in Ref. @, we have limited 
the maximum number of links used to 16 for all proto- 
cols, to have link numbers for which it is plausible that 
entanglement purification may not be necessary. Note 
however that entanglement purification has already been 
implemented for trapped ions 

Fig. 2 shows that the distribution rate that can be 
achieved with single ions is higher by orders of magnitude 
than the one obtained with atomic ensembles. As men- 
tioned before, the most important factor explaining this 
improvement is that entanglement swapping operations 
are performed dctcrministically for the ions, whereas each 
swapping operation is performed at most with a proba- 
bility 1/2 using linear optical elements. Another reason 
is that the state generated locally with atomic ensembles, 
which should ideally be a state of two maximally entan- 
gled atomic excitations, in fact possesses no-excitation 
and single-excitation components. Even if these unde- 



4 



sired components can be reduced by partial memory 
read-out [6|, they still limit the achievable distribution 
rate of entanglement. 

In Fig. 2 we have assumed that the ions are very ef- 
ficient sources of single photons {p — 90%), in order to 
keep the assumptions comparable with the ones made 
for the atomic-ensemble based scheme in Ref. Q, where 
the memory efficiency was taken to be rjm = 90%. How- 
ever, it should be pointed out that the average time for 
the distribution of an entangled pair (see Eq. ([5])) scales 
only like p-, such that even with p — 30%, one needs 
less than Ttot = 740 ms to distribute an entangled pair 
over 1000 km using 16 links, which is still shorter than 
the time achievable with atomic ensembles. Fig. Ogives 
the average time required to distribute an entangled pair 
for various values of p. Note that atomic ensemble based 
schemes are much more sensitive to a reduction in 77^, 
because it intervenes in every swapping operation. 



III. IMPLEMENTATION 

To achieve a high efficiency of photon collection, one 
can embed the ion within a cavity. The spontaneous 
emission emitted into the cavity mode is enhanced by 
the Purcell factor 



(6) 



with T the finesse of the cavity, I its length, A the free- 
space wavelength and Vq the mode volume of the cavity 
(which is of order P\ for a confocal cavity with a waist 
of order y/TX). The collection efficiency can then 

be made as large as desired for large enough Purcell fac- 
tor Fp, which requires a high finesse J- and small mode 
volume Vb. Note that a Purcell factor of 2 was already 
achieved experimentally for a trapped ion in a cavity in 
Ref. d^. 

For concreteness, we focus on the realization of the 
studied repeater protocol with ^^Ca"*" ions (the relevant 
states are presented in Fig. 2]) even if other species should 
not be excluded. Following the proposal of Ref. [s^ , one 
could prepare the ions in one of the sublevels to serve 
as excited state |e). For \gH) and \gv)i one could use two 
sublevels of -D5/2 which are coupled to |e) by orthogo- 
nally polarized photons at 854 nm. Ideally, the coupling 
strengths for the transitions \e)-\gH) and \e)-\gv) should 
be equal and the cavities should be designed such that 
the two polarizations are equally supported otherwise the 
probability to create the state ([2]) is reduced. Note that 
in principle, if the coupling strengths are not equal, they 
might be compensated by appropriate cavity couplings. 
The characteristic lifetime of the sublevels of /2 is up 
to 1 s, which is compatible with the average time required 
for the distribution of an entangled pair for all the dis- 
tances considered in Fig. [2] for repeaters with 16 links 
(see curve D). If longer memory times are required, e.g. 




FIG. 4; Relevant levels for *''Ca+. 



for repeaters with 8 links (see curve C), one could coher- 
ently transfer these states to the sublevels associated to 
S'l/2, cf. below. 

The state -P3/2 decays preferentially to Sl/2^ which at 
first sight seems to limit the achievable photon collec- 
tion efficiency. To overcome this limitation, it has been 
proposed in Ref. [4l| to couple the ground state S1/2 
directly to sublevels of 1)5/2 through a Raman process 
by choosing a pump laser far detuned from the S1/2-P3/2 
transition, i.e. A ^ with A the detuning and the 
pump Rabi frequency. It is shown in Ref. [4l| that with 
this approach one can achieve a photon emission proba- 
bility into the cavity mode of 95% for a realistic cavity. 
The achievable photon repetition rate of 20 kHz proposed 
in Ref. 41] is higher than -^j- as soon as the elementary 
links are longer than Lq — 15 km. As a consequence, for 
the considered distances and link numbers (Lq ^ 25 km), 
the average time for entanglement creation is limited by 
the communication time, which is in agreement with Eq. 

We have assumed that the wavelength of the photons 
emitted by the ions is converted to a telecom wavelength 
around 1.5 ^m, in order to profit from the optimal trans- 
mission of optical fibers in that range. Frequency conver- 
sion at the single photon level was already demonstrated 
in Ref. 31] with an intrinsic efficiency of 56%. In this ex- 
periment the frequency of the photons was up-converted 
in order to achieve a better detection efficiency. However, 
the inverse process, which is parametric down-conversion 
with a single-photon pump, but a strong laser stimulating 
emission into one of the two down-converted modes, can 
be performed with the same efficiency (due to unitarity). 
It should be possible to bring the conversion efficiency 
close to one using stronger non-linearities and a stronger 
stimulation laser, and of course minimizing all optical 
and coupling losses. Note that this conversion process 
preserves entanglement, as was already demonstrated in 
Ref. 

A Bell state analysis is required for the entanglement 
swapping operations. Following the proposal of Ref. [i^ . 
two ^'^Ca"'" ions have recently been prepared determinis- 
tically in a Bell state (the two qubit states are sublevels 
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of 5*1/2 and D^/-2) with a fidelity greater than 99% on a 
time scale of the order of 50 /xs The two ions are 

placed close to each other such that they interact through 
the Coulomb interaction giving rise to a common spatial 
vibration. A collective irradiation with the appropriate 
bichromatic field allows one to prepare deterministically 
the desired Bell state from a given state of the compu- 
tational basis [4^ 1. Such an experiment could be used 
to perform the required Bell state analysis in the follow- 
ing manner. The two ions located at each node could be 
embedded within the same cavity. The distance between 
them has to be small enough such that they interact effi- 
ciently through Coulomb interaction but large enough to 
allow one an individual addressing of each of them with 
laser beams. Such an addressing is essential for entangle- 
ment creation, i.e. for the targeted emission of a photon 
by one of the two ions. An optical switch could be used 
to send the emitted photon to the desired central station. 
A typical distance of ^ 8 /im separating the two ions 
with laser beams focused to ~ 2 ^m might be well suited. 
For entanglement swapping, one could first transfer co- 
herently thepopulation of \gH) to a sublevel of 6*1/2, as in 
Refs. [4j,|4J| requiring a time scale of '--^lO /iS. We then 
use the appropriate bichromatic field on the transition 
Si/2-\gv) as in Ref. [3] such that each Bell state will 
be transformed into a given state of the computational 
basis. This takes ~ 50 /iS. We finally measure the state 
of each ion independently. This detection could be done 
by measuring resonance fiuorescence from the auxiliary 
state Pi/2 that is strongly coupled to S1/2 with a laser 
field at 397 nm and decays back only to that same state 
[1^ . Such measurement has been preformed recently 25 1 
in the same system and it takes in average 145/iS with a 
photon collection of 0.2%. Such characteristic time can 
realistically be reduced to a few tens of /xs by optimizing 
the collection efficiency [s^. All in all, an entanglement 
swapping operation should be much shorter than the av- 
erage time for the entanglement creation (Tunk > 1 ms 
for L ^ 400km) justifying the formulas H])-®. 

To exploit the entanglement, it is essential to be able 
to detect the states of the ions in different bases (e.g. 
for a Bell test or for quantum key distribution). The 
necessary rotations could be performed by first coher- 
ently transferring Ign) to the 61/2 sublevels as before 
and then applying the appropriate pulses on the transi- 
tion involving that state and \gv)- As said before, these 
transformations can be performed in ~ 10 /zs. 



IV. ADDITIONAL SPEED-UP VIA TEMPORAL 
MULTIPLEXING 

As seen before, the creation of entanglement between 
neighboring nodes A and B is conditioned on the out- 
come of photon detections at a station located half-way 
between the nodes. To profit from a nested repeater, 
the entanglement swapping operations can only be per- 
formed once one knows the relevant measurement out- 




FIG. 5: (Color online) Setup for temporal multiplexing. 
Chains of ions are transported through cavities such that the 
ions are excited one by one when they interact with the cavity 
mode. The ions of the chain B are alternatively excited in the 
upper cavity for entanglement creation between A and B or 
in the lower cavity for entanglement creation between B and 
C. If entanglement has been established between the m*'' ions 
for the link A-B and between the n*'' ions for B-C, entangle- 
ment swapping is done by performing a Bell state analysis on 
the m"* and n*'' ions of the B chain. 



comes. This requires a communication time of order 
Lq/c. If one can perform a number N of entanglement 
creation attempts per elementary link within the time in- 
terval Lq /c, one can decrease the average time for entan- 
glement creation Tunk by a factor of order N. Such tem- 
poral multiplexing has initially been proposed for quan- 
tum repeaters based on atomic ensembles (32| , and since 
then a particularly efficient quantum storage protocol has 
been developed [33] for this purpose. We here propose a 
realization of the same basic idea for quantum repeaters 
based on single ions. 

Consider two links, say A-B and B-C, allowing one to 
connect the A and C nodes by entanglement swapping, 
see Fig. \5\ At each location A, B and C a chain of 
ions within a segmented trap can be moved through a 
cavity by applying ap propria te control electric fields to 
the various segments [2^ l45l [4^ such that the internal 
state of the ions is preserved. Further suppose that the 
distance between two successive ions is larger than the 
waist radius of the cavity mode such that one can selec- 
tively excite each ion when it interacts with the cavity 
mode in order to force it to emit a photon. 

The ions located at B are used as sources for entangle- 
ment creation between both the A-B and B-C links in the 
following way. Suppose that the chains located at A and 
C are composed of N ions. The chain B possesses 2A^ 
ions which are excited alternatively in the upper cavity 
and in the lower one for entanglement creation between 
A-B and between B-C locations respectively. If there are 
two detections behind the central PBS located between 
A and B for the m*'' ions for example, then we know that 
these ions are entangled. Running the same protocol for 
another pair of ions, there may be similar detections be- 
tween B and C locations associated to the n*'* ions. One 
then performs entanglement swapping by applying the 
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appropriate operations on the m and n ions of the B 
chain. This can be done by addressing individually the 
TO*'' and the n*'' ions with the appropriate bichromatic 
field 42], thus realizing the Bell state analysis described 
in the previous section. 

Single ''^"Ca''' ions have already been transported from 
a loading zone to a cavity interaction region separated 
by more than 20 mm in a characteristic time of 4 ms 
[30| ■ This was realized using a segmented trap composed 
of 5 pairs of electrodes by successively ramping the elec- 
trode voltages. Faster transports were realized along '--^l 
mm with a characteristic time of 50 fxs without loss of 
coherence and with negligible excitation of the ion's mo- 
tion [H, m, 111] . The number of attempts that can be 
achieved per time interval Lq j c is thus likely to be limited 
by the characteristic time of the Raman process, rather 
than by the speed of ion transport. For example, the 20 
mm long cavity considered in Ref. [4ll |. which is com- 
patible with the characteristics of the trap reported in 
Ref. 30|, gives a photon repetition rate of 20 kHz, which 
would allow 10 attempts per time interval L^jc for 1000 
km and 8 links. This would increase the entanglement 
distribution rate by the same factor of 10. For higher 
repetition rates, one needs to decrease the duration of 
the Raman process r, which has to fulfill ~ tt to 
insure an efficient population transfer. This can be done 
by increasing the g factor, i.e. by decreasing the cavity 
length Ic- (The ratio fi/A has to be kept smaller than 1 
to guarantee that no population will be transferred to the 
excited state). Considering e.g . a cavity length of Zc = 6 
mm as described in Ref. (30|, the achievable distribu- 
tion rate increases by a factor 30. If one chooses = 1 
mm, which might still be compatible with microtrap di- 



mensions Et'], one gets an improvement of the rate by a 
factor of 200. 



V. CONCLUSION 

We have shown that trapped ions are very promising 
systems for the implementation of quantum repeaters. 
In fact, the achievable performance for a relatively basic 
trapped ion quantum repeater protocol greatly exceeds 
the best atomic ensemble based protocol known to us. 
This is mostly due to the fact that a deterministic Bell 
state analysis can be performed for trapped ions using 
current technology. We have argued that this perfor- 
mance could further be improved very significantly using 
temporal multiplexing based on ion transport techniques 
that have been developed with quantum computing ap- 
plications in mind. The requirements for implementing 
practically useful quantum repeaters, while technologi- 
cally challenging, are much more modest than for the 
realization of fault-tolerant quantum computation. We 
suggest that this is an interesting intermediate goal that 
the ion trapping community should keep in mind. 
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